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Abstract. We consider Dirichlet-to-Neumann maps associated with (not nec- 
essarily self-adjoint) Schrodinger operators describing nonlocal interactions in 
L^{yi;d"x), where Q, C M", n g N, n > 2, are open sets with a compact, 
nonempty boundary d^l satisfying certain regularity conditions. As an ap- 
plication we describe a reduction of a certain ratio of Fredholm perturbation 
determinants associated with operators in L'^{Q,;d^x) to Fredholm perturba- 
tion determinants associated with operators in L^(9f2; d"~^a), n G N, n > 2. 
This leads to an extension of a variant of a celebrated formula due to Jost and 
Pais, which reduces the Fredholm perturbation determinant associated with a 
Schrodinger operator on the half-line (0, oo), in the case of local interactions, 
to a simple Wronski determinant of appropriate distributional solutions of the 
underlying Schrodinger equation. 



1. Introduction 

Since a considerable part of W. Plessas' research focuses on various aspects of 
nonlocal (in particular, separable) interactions, we thought it would be appropriate 
to derive some of our recent results on Dirichlet-to-Neuniann maps and Fredholm 
determinants in [14] in the context of nonlocal interactions. 

To illustrate the principle ideas underlying this paper, we briefly recall a cele- 
brated result of Jost and Pais [17], who proved in 1951 a spectacular reduction of 
the Fredholm determinant associated with the Birman-Schwinger kernel of a one- 
dimcnsional Schrodinger operator on a half-line, to a simple Wronski determinant 
of distributional solutions of the underlying Schrodinger equation. This Wronski 
determinant also equals the so-called Jost function of the corresponding half-line 
Schrodinger operator. In this paper we prove a certain multi-dimensional variant 
of this result in the presence of nonlocal (in fact, trace class) interactions. 

To describe the result due to Jost and Pais [17], we need a few preparations (we 
refer to our list of notations at the end of the introduction). Denoting by i?(f+ and 
H^j_ the one-dimensional Dirichlet and Neumann Laplacians in i^((0, oo); dx), and 
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assuming 

V eL\{0,ooy,dx), (1.1) 
we introduce the perturbed Schrodinger operators and in L^((0, oo); rfa;) 
by 

H^f = -f" + Vf, 

f e dom(i?f ) = {ge L^{{0,oo);dx)\g,g' e AC{[0,R]) for all R>0, (1.2) 

5(0) = 0, {-g" + Vg) eL^{{0,oo);dx)}, 

H^f = + Vf, 

f € dom(i?^) = {gG L'^{{0,oo);dx)\g,g' G AC{[0,R]) for all R > 0, (1.3) 

.g'(0)-0, { -g" + Vg) £ ^^((0, oo); dx)}. 

(Here vlC([0, R]) denotes the set of absolutely continuous functions on [0, i?].) Thus, 
H!^ and are self-adjoint if and only if V is real-valued, but the latter restriction 
plays no special role in our present context. 

A fundamental system of solutions 4>+{z, •), 9+{z, •), and the Jost solution f+{z, •) 

of 

-ip"{z,x) + Vi;{z,x) = zi;{z,x), z€C\{0},x>0, (1.4) 
are then introduced via the standard Volterra integral equations 

(l)'l{z,x) = z-^^^ sm{z^/^x) + r dx' z-^'^ sm{z^'^{x - x'))V{x')(l}1{z,x'), (1.5) 

Jo 

0^{z, x) = cos{z^/^x) + r dx' sin{z'/^{x - x'))V{x')e^iz, x'), (1.6) 
Jo 

/•oo 

f+{z,x)=e" dx' z-^/^sm{z^/^{x-x'))V{x')f+{z,x'), (1.7) 

z e C\{0}, Im{z^/'^) >0, x>0. 

In addition, we introduce 

^i = exp(^arg(^>))|y|^/^ u = so that F = St;, (1.8) 

and denote by /+ the identity operator in i^((0, oo); dx). Moreover, we denote by 

W{f,g){x)=f{x)g'{x)-f'{x)g{x), x>0, (1.9) 

the Wronskian of / and g, where f,g G C"'^([0, oo)). 
Then, the following results hold; 

Theorem 1.1. Assume V e L^{{0,oo);dx) and let z G C\[0, oo) withlm{z^/'^) > 0. 
Then, 

u{H^,+ - zl+y^v, ^Hi'^^ - zl+y^v e Bi{L^ {{0,00); dx)) (1.10) 

and 

det (j+ + u{H/i>+ - zl+)~'^vj = 1 + z-^l'^ \ dx sin(z^/2^)y(a;)/+(z, x) 

= W-(/+(^,.),<^?(^,-)) = /+(^,0), (1.11) 
det (7+ w(i?o^+ - zl+)~^v^ = 1 + iz-^l'^ J dx cos{z^/^x)V{x)f+{z, x) 
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Equation (1.11) is the modern formulation of the classical result due to Jost and 
Pais [17] (cf. also [6] and the detailed discussion in [11]). Performing calculations 
similar to Section 4 in [11] for the pair of operators Hq_^_ and , one obtains the 
analogous result (1.12). 

For an extension of the classical Jost-Pais formula (1.11) from local interactions 
V to nonlocal interactions we refer to [29] (see also [28]). 

Wo emphasize that (1.11) and (1-12) exhibit the remarkable fact that the Fred- 
holm determinant associated with trace class operators in the infinite-dimensional 
space L^((0, oo); rfx) is reduced to a simple Wronski determinant of C- valued dis- 
tributional solutions of (1.4). This fact goes back to Jost and Pais [17] (see also 
[6], [11], [21], [23], [24, Sect. 12.1.2], [26], [27, Proposition 5.7], and the extensive 
literature cited in these references). Next, we explore the extent to which this fact 
may generalize to higher dimensions n G N. n > 2. While a straightforward gener- 
alization of (1.11), (1-12) appears to be difficult, we will next derive a formula for 
the ratio of such determinants which indeed permits a direct extension to higher 
dimensions. 

For this purpose we introduce the boundary trace operators 7£) (Dirichlet trace) 
and 7Ar (Neumann trace) which, in the current one- dimensional half-line situation, 
are just the functional, 

. rC([0,oo))^C, . rci([0,oo))^C, 

In addition, we denote by m^_|_, m^, m^^, and the Weyl-Titchmarsh m- 
functions corresponding to Hq _^_, , Hq _^_, and , respectively, that is, 

m^+(^) = iz^^ m^^^z) = ^ = iz-y^ (1.14) 

-/+(., 0)' m?(.)- /;(.,o)- ^'-'^^ 

Then we obtain the following result for the ratio of the perturbation determinants 
in (1.11) and (1.12): 

Theorem 1.2. Assume V e ^^^((0, oo);dx) and let z € C\cr(.&j') with Ivniz^l"^) > 
0. Then, 



det ( /+ + u{H^,+ - zl+) 



= 1 - (7iv(^f - zI+)-'v[^n{H^,+ -zI+)-^]*) 

(1.16) 



(1.17) 



det (/+ + u(i?o^+ - z/+) 'v) 

W{U{z),cl^^{z)) _ r+{z,Q) _ m^{z) _ ml^{z) 
izy^W{f+{z),cl>^{z)) izyy+{z,Q) m^^^{z) m^{z) 

The multi-dimensional generalizations to Schrodinger operators in L^{Q;d'^x), 

corresponding to an open set fl C M" with compact, nonempty boundary dVl, 
more precisely, the proper operator-valued generalization of the Weyl-Titchmarsh 
function (2;) is then given by the Dirichlet-to-Neumann map, denoted by Mq (z) 
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in L^(9f2; da"^^). This operator-valued map indeed played a fundamental role in 
our extension of (1-17) to the higher-dimensional case in [14]. 
We recall the assumptions on the set fl in [14]: 

Hypothesis 1.3. Let n E N, n > 2, and assume that C M" is an open set with a 
compact, nonempty boundary d^l. In addition, we assume that one of the following 
three conditions holds: 

(i) H, is of class C^'*" for some 1/2 < r < 1; 

(ii) il is convex; 

(Hi) SI is a Lipschitz domain satisfying a uniform exterior ball condition (UEBC). 

We note that while dQ is assumed to be compact, SI may be unbounded in 
connection with conditions (i) or (Hi). For more details in the context of the 
notation used in Hypothesis 1.3 we refer to [14, App. A]. 

Given the self-adjoint and nonnegative Dirichlet and Neumann Laplacians Hqq 
and associated with the domain SI in L^(0: d"-x) as defined in (2.13) and (2.15), 
respectively (although, the latter can be described in additional detail under the 
stronger Hypotheses 1.3 as compared to Hypothesis 2.1, cf. [14]), we now introduce 
Hq and Hq , the Dirichlet and Neumann Schrodingcr operators in L'^{n;d"'x) 
associated with the (local) differential expressions —A -|- V{x) and Dirichlet and 
Neumann boundary conditions on dS} as follows: 

- {H^,, - zlny'd[l,, + u{H^,, - ziny'v] '\{H^^^ - zInY\ (1.18) 
{H^-zIn)-' = {H^,a-zIn)-' 



-{H^^^-zIn) 'v[la + u{K^n-zIn) n«n - ^/n) (1.19) 

Then the principal new result proven in [14] reads as follows: 

Theorem 1.4 ([14]). Assume that SI, satisfies Hypothesis 1.3 and suppose that 

V G LP{Sl; d"x) for some p satisfying p > 4/3 in the case n = 2, and p > n/2 in the 
case n > 3. In addition, let k £ N, k > p and z e C\{a{Hi^) Ua(if^Q) Ua{H^^^)). 
Then, 



det J/o+u(i7o^f^-z/o 



-1^ 
I V 



det k (^Iq + u{H^,Q - zIq) ^v^ 



= det , {lea - In {HR - zin) 'vlMHi'^a ' zin)-'] * ) e'<^^^^^^ (1.20) 

= detk{ME{z)Mo%z)-')e'<^''^^^\ (1.21) 

Here, detfc(-) denotes the modified Fredholm determinant in connection with Bk 
perturbations of the identity and Tk{z) is some trace class operator (cf. [14] for 
more details). In particular, T2{z) is given by 

T2iz) = 7n{HDi - zIn)~'v{HD - zIny'v[^D{Hl^n -zlnY^]* , (1.22) 

where In and Ida represent the identity operators in L'^{Sl; d^x) and L'^{dSl] d"~^a), 
respectively (with d"'~^a denoting the surface measure on dSl). For a detailed 
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discussion of the Dirichlct-to-Ncumann map Mq(z) in L^(9f2; dcr""^) in connection 
with local interactions V we refer to [14] . For an extensive list of references relevant 
to the material in (1.10)-(1.21) we also refer to [14]. 

Lack of space prevents us from describing a detailed list of papers emphasizing 
the mathematical aspects (and peculiarities) of Schrodinger operators with nonlocal 
interactions (i.e., potentials). Hence, we refer, for instance, to [2], [3], [4], [5], [7, 
Ch. VIII], [8], [9], [15], [16], [22], [24, Ch. 9], [25], and the list of references cited 
therein. 

Finally, we briefly list most of the notational conventions used throughout this 
paper. Let "H be a separable complex Hilbert space, (•, •)^ the scalar product 
in H (linear in the second factor), and I-u the identity operator in H. Next, let 
T be a linear operator mapping (a subspace of) a Banach space into another, 
with dom(r) denoting the domain of T. The closure of a closable operator S is 
denoted by S. The spectrum of a closed linear operator in H will be denoted 
by a{-). The Banach spaces of bounded and compact linear operators in H are 
denoted by B{H) and BooCH), respectively. Similarly, the Schatten-von Neumann 
(trace) ideals will subsequently be denoted by BkiT-i), fc G N. Analogous notation 
B{'Hi,y,2), BooiHij^-i), etc., will be used for bounded, compact, etc., operators 
between two Hilbert spaces "Hi and 'H2- In addition, tr(r) denotes the trace of a 
trace class operator T € Bi{H) and detfe(/^+S') represents the (modified) Fredholm 
determinant associated with an operator S € BkiJ-L), A; e N (for /c = 1 we omit the 
subscript 1). Moreover, Xx ^ X2 denotes the continuous embedding of the Banach 
space Xi into the Banach space X2. 



2. Schrodinger Operators with Dirichlet and Neumann boundary 
conditions and nonlocal interactions 

In this section we recall various properties of Dirichlet, Hqq, and Neumann, 

H^^^, Laplacians in L"^ {Q,; cF- x) associated with open sets 17 C R", n G N, n > 2, 
introduced in Hypothesis 2.1 below. These results have been discussed in detail 
in [12] (see also [13], [14]). In addition, we introduce the nonlocal Dirichlet and 
Neumann Schrodinger operators and in L^{Vl\ d"x), that is, perturbations 
of the Dirichlet and Neumann Laplacians and by a (generally, nonlocal) 
potential V satisfying Hypothesis 2.8. 

We start with introducing our assumptions on the set ft: 

Hypothesis 2.1. Let n € N, n > 2, and assume that ft cW^ is an open, bounded, 
nonempty Lipschitz domain. 

For more details in the context of the notation used in Hypothesis 2.1, and for 
our notation in connection with Sobolev spaces in the remainder of this paper we 
refer to [12, App. A]. 

We introduce the boundary trace operator jj-, (the Dirichlet trace) by 

j°j:Cm^C{dn), j%u = u\9a. (2.1) 
Then there exists a bounded, linear operator 7^) (cf., e.g., [18, Theorem 3.38]), 
7d: i?*(0) H'-^^/^\dn) ^ L2(af2;d"-V), 1/2 < s < 3/2, 
7c : H^^^{n) ^ H^-'{dfl) ^ L^idn- dT'^a), e € (0, 1), ^^'^^ 
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whose action is compatible with that of That is, the two Dirichlet trace oper- 
ators coincide on the intersection of their domains. We recall that d"~^a denotes 
the surface measure on dQ. 
Moreover, we recall that 

7_D : H'^in) F""(^/2)(c'51) is onto for 1/2 < s < 3/2. (2.3) 

While, in the class of bounded Lipschitz subdomains in M", the end-point cases 
s = 1/2 and s = 3/2 of 7r, e B{H^{n), H^-<^^/^\dfl)) fail, we nonetheless have 

jDGB{H^^/^^+%n),H\dn)), e>0. (2.4) 

See [12, Lemma A. 4] for a proof. Below we augment this with the following result: 

Lemma 2.2 ([12]). Assume Hypothesis 2.1. Then for each s > —3/2, the restric- 
tion to the boundary operator (2.1) extends to a linear operator 

7r. : {w G H^/'^{fl) \ Au e H'{n)} L^{dfl; d^-'^u), (2.5) 

is compatible with (2.2), and is bounded vjfien {u G H^/'^{fl) \ Au G H^{Q)^ is 
equipped with the natural graph norm u i->- ||u||iifi/2(n) + Il^'w||//s(f2). In addition, 
this operator has a linear, bounded right-inverse {hence, in particular, it is onto). 

Furthermore, for each s > —3/2, the restriction to the boundary operator (2.1) 
also extends to a linear operator 

7d : {w e 7j3/2(f7) I Au e H^+%n)} H\dn), (2.6) 

which is compatible with (2.2), and is bounded when the set {u £ H^^^{i}) \ Au G 
i/i+-^(r2)} is equipped with the natural graph norm u H- ||u||//3/2(f2) -|- || Au||^i+»(q) . 
Once again, this operator has a linear, bounded right-inverse {hence, in particular, 
it is onto). 

Next, we introduce the operator 7;v (the strong Neumann trace) by 

7^ = z/.7oV: /f^+^(n) ^i^(aO;rf"-V), 1/2 < s < 3/2, (2.7) 

where v denotes the outward pointing normal unit vector to dQ. It follows from 
(2.2) that 7jv is also a bounded operator. We seek to extend the action of the 
Neumann trace operator (2.7) to other (related) settings. To set the stage, assume 
Hypothesis 2.1 and recall that the inclusion 

L:H'{n)-^{H\fl))*, s>-l/2, (2.8) 

is well-defined and bounded. We then introduce the weak Neumann trace operator 

7JV : {w G H^{n) I Au G H'{n)} H-^''^{dQ), s > -1/2, (2.9) 

as follows: Given u G H^{Vl) with Au G H^{Vl) for some s > —1/2, we set (with u 
as in (2.8)) 

('/',7ivw)i/2 = / rf"a;V¥(^- Vu(a;) + Hi(n)($,t(Au))(Hi(n))., (2.10) 
Jn 

for all (t> G ijV2(aQ) and $ G H'^{Q.) such that = <l>- We note that this 
definition is independent of the particular extension <I> of (j), and that jn is a 
bounded extension of the Neumann trace operator defined in (2.7). 
The end-point case s = 1/2 of (2.7) is discussed separately below. 
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Lemma 2.3 ([12]). Assume Hypothesis 2.1. Then the Neumann trace operator 
(2.7) also extends to 

7jv : {« e H^/'^{Q) I Au e L'^ {fl; d"" x)} 1.2(90; d^-^w) (2.11) 

in a bounded fashion when the space {u G H^/^in) I Aw G i2(f2; d"a;)} is equipped 
with the natural graph norm u ^ ||w||i/3/2(Q) + WAuW^^^q.^ux). This extension is 
compatible with (2.9) and has a linear, bounded, right-inverse {hence, as a conse- 
quence, it is onto). 

Moreover, the Neumann trace operator (2.7) further extends to 

7Ar : {w G H^/^{n) I Aw G £^(0; d"x)} ^ H'^idn) (2.12) 

in a bounded fashion when the space {u € ffi/2(f7) I Aw € L^{n; d'^x)} is equipped 
with the natural graph norm u ||w||jji/2(n) + ||Aw||L2(Q.(;nj.). Once again, this 
extension is com,patible with (2.9) and has a linear, bounded, right-inverse {thus, in 

particular, it is onto). 

Next wc describe the Dirichlet Laplaeian H^^^ in L'^{^;d'^x): 

Theorem 2.4 ([12]). Assume Hypothesis 2.1. Then the Dirichlet Laplaeian, H^q, 
defined by 

= -A, (2.13) 

dom{H^^) = {w G H\n) I Aw G ^^(O; d"a;); 7r,w = m H^/^{dn)} 

= {w G H^{n) I Aw G L'^{n;d"-x)}, 

is self-adjoint and nonnegative {in fact, strictly positive since fl is bounded) in 
L'^{^;d^x). Moreover, 

dom{{H„%)'/') = H'^m. (2.14) 

The ease of the Neumann Laplaeian H^^^ ™ L^i^j d^x) is isolated next: 

Theorem 2.5 ([12]). Assume Hypothesis 2.1. Then the Neumann Laplaeian, H^q, 
defined by 

H^,n = - A, (2.15) 

dom(i?^f^) = {w G H\n) I Aw G L'^{n;d"-xy, ^nu = m H-'^/'^{dn)}, 

is self-adjoint and nonnegative in L'^{Sl;d'^x). Moreover, 

dom{\H^^^\'/^) = H\n). (2.16) 

Continuing, we discuss certain regularity results for fractional powers of the 
resolvents of the Dirichlet and Neumann Laplacians in Lipschitz domains. 

Lemma 2.6 ([12]). Assume Hypothesis 2.1. In addition, let q G [0,1] and z G 
C\[0,oo). Then, 

{H^^,, - zlny'''\ - zln^'^ G B{L\^-d-x),H'i{n)). (2.17) 

The fractional powers in (2.17) (and in subsequent analogous cases) are defined 
via the functional calculus implied by the spectral theorem for self-adjoint operators. 
As discussed in [10, Lemma A. 2] in a similar context, the key ingredients in proving 
Lemma 2.6 are the inclusions 

dom{H^^^) C H\n), dom{H^^a) c H\n) (2.18) 
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and real interpolation methods. 

Aloving on, we now consider mapping properties of powers of the resolvents 
of Neumann Laplacians multiplied (to the left) by the Dirichlet boundary trace 
operator: 

Lemma 2.7 ([12]). Assume Hypothesis 2.1. In addition, let e > and suppose 
that z G C\[0,oo). Then, 

MKn - zln)~^^^"^'^ e B(L2(0;d"ar),L2(afi;d"-V)). (2.19) 

As in [10, Lemma 6.9], Lemma 2.7 follows from Lemma 2.6 and (2.2). We note 
in passing that (2.17) and (2.19), extend of course to all z in the resolvent sets of 
the corresponding operators involved. 

Finally, we turn to our assumptions on the (in general, nonlocal) potential V 
and the corresponding definition of Dirichlet and Neumann Schrodinger operators 
Hg and in L^iVL-dJ^x): 

Hypothesis 2.8. Suppose that Q. satisfies Hypothesis 2.1 and assume that V G 

B(L2(f2;rf"a;)). 

Assuming Hypothesis 2.8, we introduce the perturbed operators and Hq^ in 
i2(0;d"a:) by 

HE^Kv. + y-: t^oni(Hs?) =dom(Ho^^), (2.20) 

HE = H^.n + y. dom{HE) = dom«f,) . (2.21) 

Hq and Hq are self-adjoint in L^(f2;d"a;) if and only if V is, but self-adjointness 
will play no role in the remainder of this paper. 

As will be made clear in Remark 3.2, it is possible to remove the boundcdness 
assumption on Q in Hypotheses 2.1 and 2.8 and assume that 5f2 is compact instead. 

3. Dirichlet and Neumann boundary value problems 

AND DIRICHLET-TO-NeUMANN MAPS 

In this section we review the Dirichlet and Neumann boundary value problems 
associated with the Helmholtz differential expression —A — 2: as well as the corre- 
sponding differential expression —A + V — z in the presence of a nonlocal potential 
V, both in connection with the open set Q. In addition, we provide a discussion of 
Dirichlet-to-Neumann, Mqq, Mq, and Neumann-to-Dirichlet maps, Mqq, Mq , in 

i2(ar2;d"-icr). 

We start with the Helmholtz Dirichlet and Neumann boundary value problems: 

Theorem 3.1 ([12]). Assume Hypothesis 2.1. Then for every f G H^{dQ) and 
z G C\(T(iIo*Q) the following Dirichlet boundary value problem, 

{-A- z)u = on n, ugH^^'^{Q), 
Idu = f on dQ, 

has a unique solution u = . This solution satisfies JnUq G L^{dCl;d"~^a) and 
there exist constants Cq = Cq{Q,z) > such that 

ll7Jvw?||z,2(an;dn-v) < C(f ||/||ii-i(an) (3.2) 

as well as 

ll'"o'llH3/2(n) < C^||/||ffi(9n). (3.3) 



DIRICHLET-TO-NEUMANN MAPS AND INFINITE DETERMINANTS 



9 



Similarly, for every g G L^{dil; ci" ^tr) and z G C\a[H^Q) the following Neumann 
boundary value problem, 

U-A-z)u = on n, ueH^/\fl), 
1 7;v'w = g on dCl, 

has a unique solution u = Uq . This solution satisfies ')dUq € H^{dQ.) and there 
exist constants Cq = Cl^(fl,z) > such that 

WidUq ||i/i(an) + WjnUq ||L2(an;d"-i<T) < C'o^lls'lk2(oa;d— v) (3-5) 

as well as 

1 1 '"0^11^3/2(0) <CQ\\g\\L2(^gQ.^n-l^y (3.6) 

In addition, (3.1)-(3.6) imply that the following maps are bounded 

[^N{{HS',n - zlayyy e B{H\dn),H^I\n)), z e C\a{H^^^), (3.7) 

[7i.(«a - zlnY'TY G B{L\dn-d^-'a),H^'\^l)), z G C\a{H^^^). (3.8) 

Finally, the solutions Uq and Uq are given by the formulas 

«?W = -(7iv«a-^/n)"Y/, (3.9) 

u^{z) = MH^,n-zIayyg. (3.10) 

Remark 3.2. It is possible to remove the boundedness assumption on O in Hy- 
potheses 2.1 and 2.8 and assume that is compact instead. 

Consider, for example, the case of the Dirichlet boundary value problem (3.1), 
this time formulated for an unbounded Lipschitz domain f2 C R" with a com- 
pact boundary. We claim that the same type of well-posedness statement as in 
Theorem 3.1 holds in this setting as well. To see this, consider first the auxiliary 
problem 

({-A-z)u = Oon ft, u€H\n), 
[Idu = / on dQ, 

which we claim has a unique solution whenever 

In addition, there exists a constant Cq = Cq{^1,z) > such that the solution 
u = Uq of (3.11) satisfies 

\\u^\\mm<Go\\f\\mf^an)- (3-12) 

To justify this claim, one first observes that there exists a constant C = C{fl) > 
with the property that, given any / G H^^^{dfl), it is possible to select a function 
w G (fi) such that 

7dW = / and \\w\\Hi(n) <C\\f\\Hi/2(0Q)- (3.13) 

Granted this and having fixed z G C\a(HQf^) , a solution u for (3.11) can be found 
in the form 

u = u^ :=w+(H^^-zIny\{A + z)w], (3.14) 

where (jIq^q - zinj G B{H~^{fl),H^{^l)). It is then clear that the function 
Uq constructed in (3.14) solves (3.11) and satisfies (3.12). The uniqueness of such 
a solution is then a consequence of the fact that z G €\(j{^Hq^. Here Hq^ 
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denotes an extension of the self-adjoint operator H^^^ in L"^ {Vl; (P x) familiar from 
the theory of densely defined, closed sesquiliiiciar forms bounded from below and 
their associated self-adjoint operators as discussed in detail in [12] (cf. App. B, in 
particular, (B.11)-(B.19)). 

Having settled the issue of the well-posedncss of (3.11), we now proceed to show 
that, in the case of an unbounded Lipschitz domain with a compact boundary, one 
has the regularity statement 

/ e H\dn) ^ H^''\dVl) implies e H^'^{Q). (3.15) 

To see this, in addition to z G C^ji^H^o), pick a complex number zq G C\M. Then 
for every / G H^{dSl) we know that u = Uq belongs to H^{Q.) and our goal is to 
show that, in fact, u = Uq £ H^/'^{Q). This is done using a suitable representation 
for u, namely 

u = v + w (3.16) 

where we have set 

v:=S,,[S-^\j --IDW)], w:={z-Zo){E^{zo;-)*u). (3.17) 

Here En{zQ;x) is the fundamental solution of the Helmholtz differential expression 
(-A - Zq) in M", n e N, n > 2, that is, 

'(i/4)(27r|a.|/zy^)('-"^/'if«_2)/,(zyV|), n > 2, zo G C\{0}, 
Er,{zo;x) = l^\n{\x\), n = 2, zq = 0, 

, (n-2U-J ^I'""' n>3, zo = 0, 

lm{zy'^) > 0, a; G M"\{0}, (3.18) 

with ( • ) denoting the Hankel function of the first kind with index v >Q (cf. 
[1, Sect. 9.1]), and 

{S,,)h{x) := f <r-^a{y) E„{zo; {x - y)h{y), xgQ, (3.19) 

is the so-called single layer potential operator for {—A — zq) in M", and finally, 

S,o-=1dS,,. (3.20) 

Prom [12] we know that S^o G S(L^(9f2; d"~^cr), i?^(9rj)) is an isomorphism with 
G B{H^idn),L'^idn;d''-'^a)) and, if V G C^(R") is identically one in an open 
neighborhood of i7, and denotes the operator of multiplication by ip, then 

S,, G B{L'^{dft; d^'-^a), //^/^(f^)) . (3.21) 

Furthermore, it has been observed in [12] that for any multi-index a, the function 
d^En^zoi^) decays exponentially at infinity (here, the fact that Im(2;o) 7^ is used). 
In turn, this readily yields that w G H'^{Cl) (hence, in particular, jnw G H^{dfl)), 
and V G i?'^/^(r2). Consequently, one concludes that u belongs to i?^/^(0) and its 
norm in this space is majorized by a fixed multiple of ||/||i/i(af2)- 

Having establish the existence of a unique solution u for (3.1) in the case when 
il is an unbounded Lipschitz domain with compact boundary, then (3.2) follows 
from this as in the case of bounded domains. 

The reasoning for the Neumann problem (3.4) is very similar, and we omit it. 
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By employing a perturbative approach, one extends Theorem 3.1 in connection 
with the Helmholtz differential expression — A — z on O to the case of a Schrodinger 
operator corresponding to — A + F— zonO, with V a generally nonlocal interaction. 

Theorem 3.3. Assume Hypothesis 2.8. Then for every f G H^{d^l) and z G 

C\a(^H^^ the following Dirichlet boundary value problem, 

U-A + V-z)u = on ueH^/\n), ^2) 
1 Idu = / on dQ, 

has a unique solution u — . This solution satisfies ^nu^ G ci"^^a) and 

there exist constants = C^{Cl,z) > such that 

\\7Nu''\\man;dn-^a) < C'WfWmian) (3.23) 

as well as 

h''\\HV2^n)<C''\\f\\HHan). (3.24) 

Similarly, for every g € L^(9f2; d"~^a) and z S C\c7(ffQ') the following Neumann 
boundary value problem, 

({-A + V-z)u = on n, ueH^/^{n), ^^^^^ 
1 7jvw = g on dCl, 

has a unique solution u = . This solution satisfies jdu^ € H^{dfl) and there 
exist constants = C^{fl, z) > such that 

WlDU^WH^idQ) + ll7Arw^||i,2(an;dn-i<,) < C^\\g\\L^(an;dn-^a) (3.26) 
as well as 

Wu^'WHS/^n) < C^ll5llL^(ao;<i"-V)- (3.27) 
In addition, (3.22) -(3.27) imply that the following maps are bounded 

[inUhE -ziay')*]* e B{H\dn),H'/\n)), z e c\<j{hE), (3.28) 

[^d{{H^ -zlnyyy- eB{LHdn;d--'a),H^/\n)), zeC\a{H^). (3.29) 
Finally, the solutions and are given by the formulas 

u'^iz) = -{^M{HR-zInyyf, (3.30) 

zi^(z)=(7D«-z/o)"T5. (3.31) 

Proof. One can follow the proof of [12, Theorems 3.2 and 3.6], using the fact that 
the functions 

n^(z) = uE{z) - {HR - zlny'Vu^iz), (3.32) 

u^'iz) = u^{z) - {H^ - zin) ~'Vu^{z), (3.33) 

with Uq,Uq given by Theorem 3.1, satisfy (3.9) and (3.10), respectively. □ 

Assuming Hypothesis 2.1, we now introduce the Dirichlet-to-Neumann map 
M^q{z) associated with (—A — z) on SI, following [14], 

(^■(''"'-"n''"""''' ^^CV{<„), (3.34) 
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where Uq is the unique solution of 

(-A - z)u^ = on fi, € H^/'^iO), -^dUq = / on dQ.. (3.35) 

Similarly, assuming Hypothesis 2.8, we introduce the Dirichlet-to-Neumann map 
Mq{z), associated with (—A + V — z) on Q, by 

where is the unique solution of 

{-A + V - z)u^ =0 on n, e il3/^(f2), 7z3U^ = / on SJl. (3.37) 

By Theorems 3.1 and 3.3 one obtains 

^(fnW,A^f?W e B{H\dn),L^{dn-r-'a)). (3.38) 

In addition, assuming Hypothesis 2.1, we introduce the Neumann-to-Dirichlet 
map MQf^{z) associated with (—A — z) on O, as follows, 

where Uq is the unique solution of 

(-A - z)u^ = on O, G H^I'^{Q.), ^nUq = g on dQ.. (3.40) 

Similarly, assuming Hypothesis 2.8, we introduce the Neumann-to-Dirichlet map 
Mq^ [z) associated with (—A + V — z) onQhy 

where is the unique solution of 

(-A + V- z)u^ = on O, & H^/'^{n), ^mu^ = 9 on 80.. (3.42) 

Again, by Theorems 3.1 and 3.3 one obtains 

M^,n{^),M^{z) G B{L\dQ;cP-^a),H\da)). (3.43) 

In particular, Mq{z), z £ C\a(ifQ^), are compact operators in L'^{dCl;(F'~^a) 
since H^{dn) embeds compactly into L'^{dft; d'^^^a) (cf. [19, Proposition 2.4]). 

Moreover, under the assumption of Hypothesis 2.1 for Mqq(z) and M^q{z), 
and under the assumption of Hypothesis 2.8 for Mq{z) and Mq (z), one infers the 
following equalities: 

M,%{z) ^ -M^^^{z)-\ z e C\(a(i?o^^) U a{H^,n)), (3-44) 

M^{z) = -MR{z)-\ zeC\{a{HE)Ua{H^)), (3.45) 



and 



KnW=7iv[7iv(«a-^/o)"0T' zGC\a{H^^a), (3.46) 

ME{z)=jn[^n{{hE -zln)~y]*, z€C\a{HE), (3.47) 

Mo'',n{z)='yD['yD{{K,n-zIaryY, zGC\a{H^^n), (3-48) 

M^{z)=jn[M{Hu-zIayyr, zGC\a{H^). (3.49) 
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Next, we note the following auxiliary result, which will play a crucial role in 
Theorem 4.3, the principal result of this paper: 

Lemma 3.4. Assume Hypothesis 2.8. Then the following identities hold, 

M^,aiz) - MS{z) = ^n{hE - ^/n)-V[7iv(Kn - ^/n)"')*]*, 

z&€\{cj{H^^n)y^cj{HE)), (3.50) 

MR{z)M^^^{z)-' = len - 7n{hE - zIn)-'v[^n{{H^,n - zla)-')*]*, 

z e C\{a{H^^a) U a{HE) U cT{H^,n))- (3-51) 

For the proof of Lemma 3.4 one can follow the corresponding proof of Lemma 
3.6 in [14] step by step. 

We note that the right-hand sides (and hence the left-hand sides) of (3.50) and 
(3.51) permit of course an analytic continuation with respect to z as long as z varies 
in the resolvent sets of the corresponding operators involved. 

Again we note that due to the reasoning in Remark 3.2 it is possible to remove 
the boundcdncss assumption on fi in Hypotheses 2.1 and 2.8 and assume that dfl 
is compact throughout this section. 

4. A Multi-Dimensional Variant of a Formula due to Jost and Pais in 

THE Presence of Nonlocal Interactions 

In this final section we prove our principal new result, a variant of a multi- 
dimensional Jost-Pais formula in the presence of nonlocal interactions as discussed 
in the introduction. 

We start by providing an elementary comment on determinants which, however, 
lies at the heart of the matter of our principal result. Theorem 4.3: Suppose A e 
B{nun2), B e B{n2,ni) with AB e Bi(?^2) and BA e BiCHi). Then, 

det(/«, - AB) = det(7Hi - BA). (4.1) 

Equation (4.1) follows from the fact that all nonzero eigenvalues of AB and BA 
coincide including their algebraic multiplicities. 

In particular, Hi and H2 may have different dimensions. Especially, one of them 
may be infinite and the; other finite, in which case one of the two determinants 
in (4.1) reduces to a finite determinant. This case indeed occurs in the original 
one- dimensional case studied by Jost and Pais [17] as described in detail in [11] and 
the references therein. In the proof of Theorem 4.2 below, the role of Hi and H2 
will be played by L^{Q;d"'x) and L^{dn;d^^^a), respectively. 

Next, we introduce the appropriate additional trace class assumption on the 
nonlocal potential V: 

Hypothesis 4.1. Suppose that satisfies Hypothesis 2.1 and assume that V G 

Bi{L^{Q:d''x)). 

Since V G Si(L^(ri; d^x)") we may assume (without loss of generality) that 

V = vu, where u, v e B2{L^{^; rf"x)) (4.2) 

and we fix the pair (u, v) associated with V in the following. Thus, one infers (for 
z G C\[0,oo)) 

u{HS',a - zln)~^'\ {H^,n - zln)~'^\ G B2{L\n; d^x)), (4.3) 
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(4.4) 

(4.5) 



(4.6) 



(4.7) 



u{H^,, - zlny\, u{H^,, - ziny'v G Bi{L\n;d''x)), 
and hence obtains the resolvent identities (still for z G C\[0, oo)) 
{HE-zInr' = {H,%~zIn)-' 

- {H^^^ - zlny'v[ln + u{H^^^ - ^/a)"^] ~^«a - 
{HE-zIa)-' = {H^,a-zIn)-' 

- {H^^a - zlay\[la + u{H^^a - zIny'vY'u{H^^a - zln)''- 

We note in passing that (4.3)-(4.6), (4.7) extend of course to all z in the resolvent 

sets of the corresponding operators involved. 

We continue by proving an extension of a result in [10] to arbitrary space dimen- 
sions: 

Theorem 4.2. Assume Hypothesis 4.1 and z e C\{a{H^) Ua{H^^^) Ua(ff^f^)). 
Then, 

^n{hE - zIny'v[rD{H^,n-zIny^y G B^{L^{dn;d"-'a)) (4.8) 
det(^In + u{H^,,-zIny'v) 



and 



det (jn + u{H^^ - zin) ^v^ 



(4.9) 



= det 



zin) V 



zlc, 



Proof. From the outset we note that the left-hand side of (4.9) is well-defined by 
(4.5). Let z G €\{<j{HE)^<j{H^^a)Ua{H^^^)). 
Next, we introduce 



KD{z) = -u{Hl^^^-zIn) V KN{z) = -u{H^^^-zIn) \ 
and note that 

[/o - Kd{z)V e B{L\^-d'^x)), z G €\{a{HE)vj<j{H^^a))- 
Hence one concludes that 



det 



zIn) 



det {In - Km{z)) 
det {ln-KD{z)) 



(4.10) 
(4.11) 

(4.12) 



= dot [In - (Kn{z) - KD{z))[In - Kd{z)]-^). 

Using [14, Lemma A. 3] (an extension of a result of Nakamura [20, Lemma 6]) 
and [14, Remark A. 5], one finds 

Kn{z) - Kd{z) = u[{H^^,, - ziny' - [H^^n - zlny']v 

iDiHo n-zIo) ^ jn{Hq q- zla) 

7zj {K^n - zlay'u* ] * In {H^,n - zla) ~'v. (4.13) 
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Insertion of (4.13) into (4.12) then yields 
det (^In + u{H^^ - zlny\'^ 

= det (/n - [7D{H^,n - zln)~'u*' 
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det 



* —1 
lN{HQ^a- zin) I 



Since 



one concludes that 



IN {H^,n - zin) ^ G Bi {L^n- (Px)) , 

lD{H^,n-zIny'u*^* 



(4.14) 

(4.15) 
(4.16) 

(4.17) 



L^^™. J eBi(L2(an;d"-V)). (4.18) 

Then, using (4.11), one applies the idea expressed in formula (4.1) and rearranges 
the terms in (4.14) as follows: 



det(^In + u{H^,,-zIn) 'v) 
det (/n + w(H(fn " zlny^v ) 
= det (^lan - jn (Hq^q - zIq 

X MHo,n-^Iny'u*]*) 
= det (lan - 7jv {Hq q - zIq) 
\D{K,n-zIny' 



In+u{H^^a-zIn) ^ 

) 

'la + u{H^^a-zIay'v 



-1 



-1 



(4.19) 

(4.20) 

□ 



Finally, using 

{HE - zIn) ~'v = {H^^^ - zIn) ~\ [la + u{H^^a " zIn) ~'v ' 
proves (4.9). 

Given these preparations, we are ready for the principal result of this paper, the 
multi-dimensional analog of Theorem 1.2 in the context of nonlocal interactions: 

Theorem 4.3. Assume Hypothesis 4.1 and z € C\(cr(i7j^) Ua(iJ^fj) U (T(i?o^fj)) . 
Then, 

MR{z)M^^n{z)-'-Ian 

= -^n{hR - zIny^v[iD{H^,n-zIny^\ e Bi(l2(90; rf-V)) ^^'^^^ 

and 

det (jn + u{H^^^-zIay\) 
det (/a + u{H^^^ - zIn) ) 
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= dct(^/ao-7iv(i^f?-^/o) V 
= det (Mj?(^)Mo^oW)- 
Proof. The result follows from combining Lemma 3.4 and Theorem 4.2. 



(4.22) 
(4.23) 

□ 



Remark 4.4. Assume Hypothesis 4.1 and z G C\{a{H^) U (t{H^^^) U a{H^^^)). 
Then, 



M.\{zr'M^{z) 



e Bi(i2(aO;d"-V)) 



^o{{HE-zInY') 
and one can also prove the following analog of (4.22) and (4.23): 
det (/q + w(i?o^a - zln)~^v^ 
det (in + u{H^,i-zIn)~\) 



(4.24) 



+ lN{H^a-zIn) V 



= det (ion 

= det(Mo^,,(z)-iM^(z)). 



(4.25) 
(4.26) 



Remark 4.5. (i) For simplicity we focused on trace class nonlocal interactions 

V G Bi(L^(f2; ci"x)) and Frcdholm determinants only. Following our use of modi- 
fied Fredholm determinants dctp(-), p G N, in [14], one can develop all the results 
presented in this paper under the hypothesis V £ Z3fe(L^(il; (i"a;)) for some fc e N. 
(ii) We closely followed [14] and used the formalism based on the factorization of 

V into vu and symmetrized resolvent equations, etc. It is possible to avoid this 
factorization replacing the basic operator u(^hI^^ — zIq^ v by V(^Hq^ — zIq^ 

(resp., by {H^^ — zIq) ^ V), etc. This applies, in particular, to the left-hand sides 
of (4.9), (4.22), and (4.25). Of course, the latter observation also directly follows 
from identity (4.1). 

{Hi) Once more we emphasize that it is possible to remove the boundedness as- 
sumption on Cl in Hypothesis 4.1 and assume that dfl is compact instead. 
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